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Fig 3 The pressure near the axis of symmetry for a blunt-
body flow

of characteristics using network A was first used to caleulate
the flow with the body surface held constant in time to check
that the initial solution would hold steady as the flow was
calculated at later times It was found that the pressure
along the axis of symmetry was the most sensitive indicator
of the onset of instability ~ Figure 3 shows plots of the pressure
ratio vs the coordinate parallel to the freestream velocity
for points closest to the axis after various time steps in the
calculation Note that these points are not located exactly
on the axis and do not have the same space coordinates at
each step so that the magnitudes of the pressure ratio should
not be exactly the same on each plot; however, they do
indicate very graphically the onset of instability Network
B then was used to repeat the calculation with the results
shown on the right side of Fig 3  I'he instability with net-
work A had grown so large by the eighth step that calculation
could not be continued, whereas no instability has been
detected while using the modified network B

Conclusions

Previously, it has been tacitly assumed in three-di-
mensional characteristic ecalculations that integration on
the characteristic surface, or at least along bicharacteristic
lines, assures the convergence and stability of the process
This is not the case Care must be taken in choosing a net
configuration that is stable and convergent T1he Courant
Friedrichs-Lewy condition can be employed as a test for
stability and convergence of a finite difference network that is
simplicial, and it can be argued physically that this provides
a necessary condition for the stability of networks that are
not simplicial
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Elastic Stability of Conical Shells under
Axisymmetric Pressure Band Loadings

Josepu C SErpICO*
Aveo Corporation, Wilmengton, Mass

N a recent publication,! the buckling characteristics of

circular cones and cylinders subjected to axisymmetric
loadings were investigated Typical results were illustrated
for various loadings and compared with previous analytical
and experimental studies

This paper is concerned with applying the theoretical
equations developed in Ref 1 to assess the stability response
of simply supported cones and cylinders under circumferen-
tial band loadings  One important purpose of the present in-
vestigation is to illustrate a simplified method for estimating
the eritical pressures for ecircumferential band loadings
Another objective is to demonstrate that the predictions based
on such a method are satisfactorily correlated with those
rigorously obtained by Almroth and Brush? for the limiting
case of a circumferential band loading that is uniformly dis-
tributed and equally spaced between cylinder supports

The value of such a correlation is that it lends credence to
the present method of approach and, further, indicates the
usefulness of the Donnell-type theory used in Ref 1 for
estimating the stability response for arbitrary, axisymmetric
loading conditions The analysis now is extended for the
simply supported cylinder under a uniformly distributed and
equally spaced, circumferential band loading

The equation governing the elastic buckling of circular
cylinders subjected to axisymmetric loadings is given by [e g,
Ref 1, Eq (28)]

P = [¢*+ 1/8*)/(@ + 5/2) oy
where
P = p. K,12(1 — v%)/N:HY4ER?
& = (1 + nt/Na)/H1

8/2 = [(Ki/a?Ks) — 1)/HV4 2
H =121 — v?)/Na?h?
A = mn/L
and
_ _ 2 (L (N,
K, = — = Jo <;)_> cos?NEdE
2 LN, .
K.=—7 | <p> sin?\£d £ (3)
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Fig 1 Graphical 1esults for critical band pressure

The minimum value of the critical load can be determined for
the present application of lateral pressure loadings by equat-
ing the wave number m = 1 and by formally minimizing P
with respect to the parameter @  The results aret

P = [o2 + 1/a?]/(a + §/2) (4)
in which

_ [—6 + (8 + 12)1/2]1/2

* 2 (5)
B = P8/2

The predictions given by Eq (4) are essentially the same
as those developed in Eq (30) of Ref 1 except that the present
results are exact, and, as such, the constraining conditions
placed on Eq (30) have been removed

From an inspection of Eq (4), it is seen that the extension
of results to the special case of circumferential band loadings
only requires an evaluation of the parameters K; and K, de-
fined by Eqs (3) If the remarks are confined to a uniform-
pressure band loading with no axial forces acting, the param-
eter K; vanishes identically

Introducing the following Heaviside step function to de-
scribe the pressure loading (Fig 1), we have

wo - —pdufe- (P50)] - n[e- (550}

(6)

or

o= — pa {H [5 - <?}>] - [E ) (L—é—*—bﬂi)

H(x)=3 (8)
0 z <0

Substituting Eq (7) into (3) and integrating, K, becomes
K; = (a/7)[nb/L + sin(xb/L)] (9)

Expanding P and S in terms of parameters used previously by
Almroth,? we have

_ [12(1 — »®) ¥ [ Boa\[a\*' 2 L\[ 7b . [7b
b= w? (Eh ><ib) (&>[L Sm<L>]
(10

_S _ - a h>1/2
2 1201 — ]t (Z)(& (an

If attention is now drawn to those ranges for which 102 <

t It is briefly mentioned that the current predictions are based
on the assumption of a large number of circumferential waves,
ie,n>2  Consequently, the present results are not expected
to give an accurate measure of the critical pressures for problems
that exhibit an oval-type instability

VOL 2, NO 2

(L/a)? (a/h) < 10471 some interesting simple results are ob-
tained That is, the parameter S approaches zero in Eq (11),
in which case Eq (4) becomes, after an appropriate substitu-
tion for P,

Pestl 4r? 114 (h/a)'* (a/L)
Eh — 3[12(1 — »%)13/* [wb/L + sin(xb/L)]

(12)

From an inspection of Eq (12), it is seen that, for fixed
(L/a) ratios and for (b/L) small in comparison to unity, the
critical pressure parameter, (p,a/Eh), varies inversely as
(a/h)%? and (b/L) This accounts for the fact that, in
logarithmic graphs presented by Almroth,? the arithmetic
slopes of the (p a/Eh) vs (b/L) curves for small (b/L) are all
equal to minus one, with the ordinate distance between suc-
cessive curves for various (a/h) ratios being inversely propor-
tional to (a/h)%2

Although a point-for-point comparison is not presented
herein, it is remarked that the analytical results given by Eq
(12) for cylinders of moderate length are identical to those
graphically illustrated by Almroth? in Figs 7a-7c for all
values of (b/L) For purposes of further simplification and
comparison, Eq (12) is now rewritten in terms of the well-
known parameters of Batdorf ?

Introducing the parameters &, and Z,, defined by

ky, = p al2(1 — »¥)/N\? Eh? (13)
Zy = (L*/ah)(1 — vV
Eq (12) becomes

b = 4(6)1/2Z1/2
Y~ 3[xb/L + sin(xb/L)] (14

This result is very interesting in that it reduces to the classical
form of buckling predictions of moderately long cylinders un
der a uniform external pressure Taking (b/I) equal to
unity,

k, = 10395 Z1/2 (15)

The comments thus far have been confined to the moder-
ately long cylinder range In Fig 1, a graphical representa-
tion of results for the short-cylinder range is presented in
terms of Batdorf’s parameters and various (b/L) ratios The
graphical results are based on the analytical predictions of
Eq (4) and are extended for completeness to include the
moderately long cylinder range

From Fig 1, it is readily observed that the curves for var-
ious (b/L) ratios are parallel to the well-known curve for full
uniform pressure loading (b/L = 1) This observation leads
to the important conclusion that the predictions for the criti-
cal band pressures are related to those for the uniform pres
sure loading case by a simple scale factor A closer inspec-
tion of Eq (4), in addition to a re-examination of the defini-
tion for k,, reveals the relationship

kl/ﬂ
{(®/L) + [sin(xb/L)/7]}

k,/b = (16)

where the subscripts b and 0 have been attached to denote
the band and uniform pressure loading cases, respectively
Thus, the final results for the predictions of eritical band
pressures have been reduced to a form that contains two non-
dimensional parameters; one parameter, k,,, reflects the criti
cal loading for full uniform pressure, and the other parameter
is dependent on the ratio of band width to cylinder length
In the limiting case of a moderately long cylinder, the
present results have been shown to be in agreement with the
investigation by Almroth and Brush,? in which a reasonable

I Roughly speaking, this range is generally considered to be
the moderate-length shell range and represents the parametric
range for which results are given in Figs 7a~7c of Ref 2
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correlation is obtained between theory and experimental
data More experimental studies are necessary to confirm
the validity of the predictions in the short cylinder range,
even though the present results have been shown in this
range to reduce to the classical predictions when (b/L) ap-
proaches unity

Before concluding, it is worthwhile to reiterate that the
present investigation was restricted to a circumferential band
loading that was uniformly distributed and equally spaced
(L/2) along the generator of the cylinder The analysis pre-
sented in Ref 1 is, however, sufficiently general so as to per-
mit an extension of the theoretical results to circumferential
band loadings, which vary along the generator of a simply
supported cone or cylinder with arbitrary spacings The
extension is straightforwaid and only involves a simple inte-
gration procedure once the appropriate step function has been
determined to describe the loading condition under considera-
tion
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Laminar Compressible Mixing behind
Finite Bases

Paur S Lyroupis*
Rand Corporation, Sania Monica, Calif

N Ref 1 Chapman considered the problem of laminar
mixing at constant pressure for a fluid with Prandtl num-
ber one, and a viscosity power law of the form u ~ 7T Be-
cause of the recent interest in the fluid-mechanic description
of hypersonic wakes, mixing problems are being again in
vestigated intensely both experimentally and theoretically
As an example, Ref 2 extends Ref 1 by assuming a Blasius
starting velocity profile rather than a uniform one (A uni-
form profile was assumed by Chapman as a necessity imposed
for the conservation of similarity )

It will be shown in this brief note that the velocity along the
dividing streamline can be determined in a simple manner by
approximating the integral solution of Ref 1  The effect of
finite base radius (or Reynolds number) is also investigated
using this approximate solution

In terms of the stream function ¢, the differential equation

of motion is
fdu | d [ du) _
sdr T (" df) =0 W

where

§ = ¢/ (UpsC)r? g(§) = ul!
T="Ti— [(v—1/2] M+ (To — Tou
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T and u are nondimensional with respect to the freestream,
the subsecripts d and 0 refer to the “dead water” region and
stagnation point, and M is the freestream Mach number
Chapman’s boundary conditions are as follows:

at { = «: u =1 (= —o: u=0 (2)

The velocity at the dividing stieamline up is given after a
formal solution of Eq (1) as follows:

up = f: ng/(f_“m Fd§+ﬁ)+°°1fd§) o)

r@) = o= [ 5 ach o )

We make the observation that, in the expression for the
integrand F, the contribution of the exponential part in the
numerator is stronger than the denominator for increasing g
(or ¢) Hence, in the interval I, —» < { < 0, and in the
interval 11, 0 < ¢ < 4+ o, most of the contribution comes
about from the values of ¢ corresponding to the highest { in-
side the interval For a first iteration let us, therefore, as-
sume for u the following step function: inside I, v = wup,
inside IT, w = 1  Simple integration of Eq (3) yields

1
Tl 4 (upTpe— 1)V

where

(%)

Up

Assuming that Ty = T, and w = 075 the calculations show
that, for M = 0, 1, 2, 3, 4, 5, 7, 10, 15, 20, the corresponding
values of up are 0 570, 0 573, 0 581, 0 590, 0 598, 0 605, 0 619,
0634, 0652, 0664 For M = 0 and 5, Chapman?® gives,
through an exact numerical solution, u; = 0387 and 0 597
Comparison shows that our closed-form approximation is in
error of less than —39, and +1 59, correspondingly

Experiments show? that up is a function of Reynolds num-
ber The analysis of Ref 2, in which the influence of an
initial finite boundary-layer thickness was studied, through
the parameter s* ~ s/s, yields results that are independent of
the base radius 7o (This occurs because, as can be seen from
Fig 1, rp = s sine = s, 8in8) One might conjecture that
one way to introduce the Reynolds number would be to
assume that v = Onot at { = —« but at { = —{,, where
¢y is finite and positive This assumption implies a finite
radius in the direction perpendicular to the main flow
Following the same method used for the derivation of Eq
(5), we find

up = erf(x,)/ lerf(x,) + (go)V?] (6)

where X, = {2/2 (gp)¥/% and erf denotes the error function
Figure 1 shows the function wup(M,{,) for three different
Mach numbers

These results are best interpreted in the physical plane
s,y For simplicity assume M = 0, so that!?

1/2
y(%) = j:f%? (M)

Let {, correspond to y, and s, where the subseript n indicates
the position of the “neck’ of thickness A as showntin Fig 2
To calculate the integral in Eq (7), we approximate u({)
in the interval 0 < § < ¢, by dropping the first term in Eq
(1) A simple integration yields

u=wup [l = ({/{)]? ®
Introducing the foregoing into Eq (7), we have
yn(u/vsn)l/z = 2(§-n/uD) (9)

1 A correction of this geometry to take into account the
weaker growth of the boundary layer above the dividing stream-
line is very small



